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GENERAL MANY-BODY SYSTEMS

S. A. Tnqgrnan

~eorctical Division

Los Alamos Naticnal Laboratory

Los Alamos, NM 117545

INTRODUCTION

The problcm nf how [o visualize and sometimes solve a gmcral mnny-body sywcm is

considered. The ideas arc cstablistW in the comcxt of very simple small symcms, a Huhhmf

mmicl wxi a coupled clcclron-phonon mwfcl, bolh on two Ialticc silts. l’hc.sc models am also

solved 10 god approximation in Ihc thermodynamic limil, although the Hubbard model is

mswictcd m a smidl number of holes away from the Mou insulating state. Response functions arc

also umwidchwl,

A fuirly gcncrd manyhmly I{amihoniun is

II = H,,, + }{,1 .el + Hal..+ + H@ , [1)

consisting of an rhxxrnn or ot.twr fcnnion kinetic energy and clccwon.ckcutm inlcraclkms, which

may hc coupled to a hw IIcld such as a fimmn ‘Ihc ptmnmw thcmsclvcs may h rmnlirwar

(hiIvt sell-inlcraclions ) Ilc sywcm mtiy hc slrongly coupled ( H,l <l and //,1 ~ may lx Iilrgc).

( )IIC may idso iuld coupling to un cxtcmid dnvin~ IIcM, w-h ius WI A(” CICCIIW Iicld, “hc

mclhods discussed w-c nonpcrmrlmivc, and so differ fmm lhc mmluni mcltwd:. or diagrwnm;uic

prrlurhimon Ihcory. 1 A comparison IS made with ditigr~mmu[ic mdmds III Ih’: CfmICoxIol Uw

r;mdom plmc tipprnrnimwim.
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HUBBARD MODEL (SMALL SYSTEM)

The tirst example is the Hubbmd model,

only the Iirsl lwo Icnns of Eq. (1):

which tlcscri~s interacting clcct,rons and contains

~Jsk>J J
.—.

The q.xxuor c,> crcatcs an clcctmn of spin s on a Wannicr orbi[al on liIIt.icc site J. Ttw first

[cm (electron kinetic energy) causes clc!clrons to hop 10 nearest rmighbcr sites wi[houl changirig

their spin, The M Icrm is a repulsive on silt clecmm-elccwon interaction. To illustrilc the exact

solution of Eq. (2) for a small systcm, consider t.k problem with Iwo sites, two clcclrons, and the

~-component of

considcmd Ialcr. )

‘TM }Iilbctl

1> = T

;?> = TJ

‘J> =

IJ> = 1

!-he spin .$~, which is consemed, equal to zero. (Infinite systems will he

space in coordinate rcp:cscntalion is given by

1

T1

t,

(3)

wkrc the Iirst SIIC is on itii lcll wul the second on the right, The Hamilkmian opcr~ting on I I >

connects (h&s norvcm muwix clcmcnts) m stiIIcs 12> imd !3>. Slate 14> also connects IO 12> and

!>, Scc [~ig,(I),IIIC~iqpnal energy of st~ws Iz> ~d I.1> is [J, arid [ha[ of II> and 14> IS (),

Note that an intcmcting many-body problem (cmmining W product of Iour I’cmnmn

olwrmm) hi~ hccII mapped onto iI mm-tntcric[ing (mc pimticle tight-binding ptvhlcm. II OK*

(Jpcr:uor h,’ crcutcs mimy-body sItitc 1~> III [{q, (3), Ihc IICW Ilamilt(mm is



(4)

witi no Interactmns (t’our-fcnnion operators). The sites in the tigh[-binding problcm, however,

rcprcscnt many-body states, not lhc USIA atomic or Wannicr orbitals. It is a general r>sult that

onc can dwdys cxautiy map [h~’ ground and cxcitcd states o! an interacting many-body pmblern

t~nm tiosc ot J nonlntcrdc[ing one-body pmblcm in [his way.

In rnd[rix notdtion, H is

[()_, _t()l

–[ ‘
n= ;-: :; ‘) _fl

[ () -t :][ () j

This mdtrix IS slmplc to didgondilc cxady. The four cigcnvducs are

(E I, E2, E1, E4)=(( U–Y’U2+ 16[2)12, (), U ,: U+ VU2+IM2) 12)
t

The two Iowcst energy (unnormdiicd) c:gcnvcmms wc

‘~l>=ll>+ld>+(J(l~>+l~>)

(5)

d slnglct SMIC and I yr2 > is the S, =() [riplct state. For iJ x, the

space is dcscnbed by



(6)

where i(b is W vacuum. A slate wir.h a posilive sign is given by opm[ors in [hc above order,

for example :2> = c ~1 L-~t !fb . Suppose onc had chosen a di ffcrcnt ordcnng convcmion, such

As pu[[ing si[c I opcrwors lit-w:

(7)

The new [ighl binding model is shown in Fig. (2). The 24 bond sign, for example, is ob[aincd

WILII tic conwm[ion of Eq. (7) as follows:

The cigcnvalucs of the ncw problcm (Fig, 2) are tic .sa.me M ~ose of Fig, 1, and i.hc

wavcfunclions arc ‘ ‘covariant”: (VIIV2.V3FV4)I ~(WlIW2,W3.-V4)2i ~~w a sin~]c[ is

wriucn in tic ccmvcnlional way,

This is ill fact a Iypc of gauge Lransfomntilion. An example of a gcrrcml light-binding mmicl

is given in Figure (3), If onc changes Ac 4clinition of a bmis state (c,g. I ~, > + - I $1> ), all of

[hc bonds coming from I $, > chimgc sign, w shown in Figure (4), In general tiny loop wi[h an

mmn numtxx of +t bonds may k m,nsformcd imo i] loop wilh no +1 bonds by a suitable choice

of gtiugc (sign 0[ b~sis functions). All +r bonds may ASO M removccl fmm bonds IM urc nol

pun t~l J loop, such a.. II-9, Hov’ever, loops wi[h an odd number of +( trends arc frustmcd (Ihc

+1 trends muy not h gauged away). “I%c gauge trinsfmrr3[ion gcncriilizcs to ! $, > + r’” I @l >,

where (1 WM Mkcn cquid 10 R above,

Similar isswcs arilc in ~hc quamum Ilu.11cffccl vJhcn a magnetic lic?i pcnctrilcs J IiIllicc. III

IhM CJSC iI flux [hmugh J loop Ihu[ IS an in[cgcr times the !Iux quwrium @() is IIW same M mo

Ilux under u gtiu~c [rwmtormdtwn.
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One can wri[e down an apprcmimatc ground state of an unfrustra:cd tight binding model

almost by inspection. First gauge transform away all +t bonds, Then all the V, have the same

sign in the grounds[ale, wilh V, Mger on sites r.tmt h~~c a lower crrcrgy, and more or Iargcr

conncctcd r,, brick

One can do Iorgcr Hubbaxl models exactly. For example, with 2N sites and 2N electrons,

[1
2N2

half’ of which arc spin up, one must diagonalize a matrix of size ~ on a side. Six sites yield

d -1oo” K -W) matrix, or cquivalcnlly a tight-binding model with W) sites, which cm k

diagonalizcd completely on a computer. Ten sites yield a 63,5(M x 63,504 matrix, which can be

solved for the ground and low lying cxcitcd states by the Lanczos method. 2 There is no exact

solution for the iniinitc Hubbard model.

POLARONS (SMALL SYSTEM)

‘1’hcsecond cxarnplc is a coupled clcctmn-phonon systcm, described by

)(d,+d,’)+fl~d,’d, ,

(!+)

where n, T = L“,+?(’, T and fij = n,T + n,l, In the I -d vcrsmn, electrons run along a chmn, possibly

ttl(erttc[ing with each ottwr oil site find on nearest nclghhor sItcs ( [J and V Icrms rcspectlvcly),

Ekh SIIC IS coupled to a harmonic oscill;ltor, so [hat the oscilliilor iccls an cxtrd force when an

electron IS on [htit sItc, W = -AI.I, where x is the phorMM coordimt[c, III Icrms of [hc crctitmn

(Jpvrutor d ‘ l“or the oscillator,

~x T
v’

(( I+ (J’).
2m w

111(9I;ISI [cm] IS [tw energy t~f th~ (MC IlldIOrS, WIIh ii :fi (I) iil)d IhC /ctT) lN)IIII crwrgy wjh[r;l(tcd



-+
off. ~is model is for a pt!onon energy that is independent of k , or op[ical phonons. (If (1,+ai

[crms were added [o tie Hamillonian, Lhc phonrm energy would have a nonzcm dispersion. J The

H~mil[onun In Eq. (8) dc.scribes lhc syslcm shown in Figure (5),

For $implicily, consider Iitsf a Iwo silt problem wil.h 1 clccwon and two phcmons, Witi

onl> onc clcc[ron pm.scn[. Lhc [1 and t’ krrns do no[ o~rwc. The basis functions can be l~kcn

ci[hcr in Posi[ion or momentum space. For varicLy, and m compare witi the rm-dorn phase

~pproxima[ion (RPA), ~c calculation will Ix done in momcnmm space. For J Iwo silt Ia[[icc,

only C= (), rt wc allowed.

Thcm tire 2 clcclron basis su.llcs,

(),, > = -+-(l,,>+i2z,>)
.

I
K,,>= -;=( V,,>-12C, >)

.

‘Ilc energy of [hc lirs[ is -I ard of tic second is +1, There are aL:;o Iwo phonon creu[ion

operdmrs

(ld -’ ‘~(k> ‘n * ,

where (/,1 = [1 or n, aml Ihc phrmon occupis[mn

clcclr(m ptl(~rl(~n Ifllcracllon conscrvcs momcnlurn.

1110(1(’1,

nurnkrx m no=(),l ,2,.,., nR=(), l,2,..,, ‘I%c

1[s s[rcnglh IS momcnlurn Indcpcmlcm In IIlis
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The equivalent I -body t.ighl binding model consists of two disconnected pieces for [his

model, one for each to[al momentum. The total momentum K = n piece of me Hilbert space is

shown in Figure (6). The q=l can k deduced from the [otal K, q = ( K -znn ) mod2x, so by

specifying ~c phonon state, one also specifies the electron !l.ime. The Iowcs[ row of vcrticcs has

4,1 = K, 12!c.

The diagonal energy of a site is

E(no, nn: =Q(no+nm)+(-l)”n (K=rc).

The numcrica.1 factors in tie off-diagonal malrix elements can be obtained using

u + :n > = l’~ ln+l>. TM energy in Fig. (6) therefore incnmses linearly 10 I.he upper right, witi

a conugiuion as a function of y. In this basis, I ap~ars in a diagonal (si~) energy, in contraw [o

tie real-space basis in he previous example, where t is an off-diagonal bond strength, There is

an idcnlical Ia[ticc for the K =() wclor, cxccpt I.ha[ the y corrugations are oppitc,

E(n,), nn)=fl( n,)+nm)-(-lt” (K=(l)

To tind Lhc ground smtc and low lying cxci[cd smtcs numcrkudly, onc uunc~lcs tic Iutticc

(keeping SMCS to [hc Iowcr Icft. with low diagonid cncrgics). The remaining problcm is solved

numcridly. One should check Lhat the Lrunculion does not effect the physics, by vcnfying that

.wavcfunc[ions and cncrgics of the low lying cigens[alcs have convcrgcd.,-

Thc Intcmction wilh [hc phmmns is said to W mlardcd or frequency- dcpmftmt, In [his

Ii]mmlwion, however, onc need not irwludc an explicitly frequency-dcpcndcnt irucriwtion, but

merely couple m phm’mn stmcs of various cmrgics on m equal Icmling wi[h all olhcr SMICS.

I low do wndard diugmmrnnuc methods, such us Ihc random phosc ~ppmxima[ion ( RPA ),

compm with .solv InB [hc cquivalcnl hgh! .Ixnding laIIIcc’? Consldcr [hc qucs[ion of how Ihc k = K

pho,’,ml energy IS chwlgcd hy [hc clcc[nm-phonon imcrwlion. If k wrrc I.cro, Uw hm! L K
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phonon would be an cigenstme of energy -f+fl This is Lhc slate (no, nJ=(O.l) in Fig. (6).

The RPA sums all diagrams of the form shown in Figure (7). with any number of bubbles. Ilm

vmid Iinc on tic left cuts through the S-UN.Cwitn onc k = n phonon and no electron-hole pairs,

which is s[iuc (0,1) in Fig, (6). The venical line on t-he right CULShrough the state wilh an

electron-hole pair and no phonons, which is the state (0,0). In the exact pmblcm, lhcre arc J1.so

n’litlli X clcmcnts from slalc (0. i J 10 (0,2) and [0 ( I, 1). These matrix clcmenLs arc the vcniccs

shown in Fibmre (8), which arc ncglcctcd by the RPA.

The RPA tius keeps only lhc two states (O, 1) and (0,0) and rhc bmd between thcm, and

Urmws away the rest of the lattice, as shown in Figure (9). h solves rhis tiny “IWO site” problem

cxactl y. When is this a good approximation? One requires A a f for there 10 be no significant

wlmixtures of t.hc ncglcctcd state (0,2) in Lhe ground slate. Furthermore, A a Q is required to

prevent signiiica.nt admixtunx of state (1, I ), which was also neglcctcd. In this Iimil however, r-he

lmrc phonon state ((), I ) is csscruiidly exact, so i.!!at one rwed not have bothered with mom Win

onc SUUC. The RPA is thus rmt very useful for this case.

Various response functions (Gmcn’s functions) can he rx.lculatcd dimctJy frnm the

clgcnstittcs. For example tic optical absorption is

(9)

where j :s the current qxrator. If W! Hilbert space is truncated, a(co) bccomcs unreliable for

very l~rgc m.

I, AR(; E S%’STE,MS

A gmwral Iargc many-holy pmhlcrn cimno[ hc solved by any method. including [his orw.

(“(msldcr lhc Ilubhiml model with 1(F’ $IICS ~t ~film~ry tilling in lhc monwnlum spiIcc h~xls, Irl
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this treatment. the first state (nonirmmcting fermi ground state) connects via IV to an cnormmrs

number of sta[cs O ( low ). . ie problem at this level, which is a very large “slar” [ighl binding

model t Fig. 1oa ), is suti straightforward to solve exactly. However, there is no justitictiticn Ioi

stopping tit this level. Each penmctcr state comects to a large number of other states, s(}mctimcs

tbrrrirrg loops, and ctich of [hem connects to many new states, etc., so [he problem limdly

becomes intractable. This is illustr~ted schematically in Fig. ( 10b). The many-body problem has

stall been mapped exactly onto d one-body tighl-binding problem, but one that is too htrgc to

\olvc.

There is, however, a CILSS of problems that can be solved essentially exactly or to good

approximtition on an injini[e lattice. These pr~blems describ the quantum dynamics of one or

several ‘ ‘dcf,:cts’ ‘ in a weli-understood background. Two examples are: ( 1~ The problem in

which a small number of electrons imeract with optical phonons to fomn polarons, bipolarons, etc.

on an infinite lattice. (2) The prob!em of holes and pairs of holes in the Mott insulating state of

the Hubbard model on an intinitc lattice in two or more dimensions.

“I%e polaron problem is the same electron-optical phonon problem described above, but done

on an intimtc Iiitticc in real space rather Lhan k-space The many-body basis states are

!j> ,n, >’n, +,>’n,_l. > in, +2>In,-2>

The tirst kct IS the electron Iocat.ton, followed by the nu,~lbcr of phonons on the same si[c, on

nearest neighbor sltcs, etc. Again one constructs an arbitrwily Iitrgc variational spitce, and then

uhccks that the space is big enough.

A small vanauonal space might allow for zcm or onc phonon on the site that t!w tlcctmn IS

(m or on J ncwt:;t nclghbor sltc, ( A much larger spacu is used for accurate ‘“’.lcul~tions ) The

imdl vandt]orud spauc can be wnltcn
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The htxdings show the number of phonons on the site to the left of the electron ( -1 ), on [he wnc

siw as me cicctron [()), md to the right of the clccuur ( l). All [ranslalions of [hcs. sImm an’ J1.so

‘clukl in the Hilbert space. The light-binding Iat[icc is shown in Fig. ( I I ). The vcrtiu.1 twnds

have s[rcngth –k, and the others strength -r. The diilgona! energy IS zero Ior s[ale I, (2 for slaws

mumkmions of a sta[e. For example, the leftmost suue 3 represents the state with an electron on

site O and a phcmon on site 1. Thc middle s[we 3 mprcse~lts the s[ate with an clccImn on SIIC 1

ml J phonon on si[c 2. SM[cs 7 ;.nd 8 fmrn a disconnec[cd part of the Hilherl space ml Jrc no[

shown. TtrcIv arc fW states in the Hilbcfi space. where the number of sites N is in[inilc. “IIw

Hilberr space is tmnslalion invariam, witi 6 states per uni[ cell, The translation invmia.ncc implies

[hat t.hc cxacI cigcnstatcs obey Bloch”s theorem. For any ctystal momcnlurr k+, onc need

di~gonalizc only a 6 x f) hcrmitian matrix. rather than a (W x OJ miitrix,

The ground slalc cigenfunct.ion of W ~ight-binding model dcscnbcs a polaron. NOIC [h:l

even with his small }Iilkrt spiicc, [hcrt is already more than unc way to propaga[c through the

Iiuticc, clthcr directly along the baselil.~ or lhrough a high loop. The loop mute shows [hat th(!

polarnn can mmc by making a vifiual internal cxcilatioi,, ml then gc[ting rid of II. Dilfcrcn[

propagauon roulcs imcrfcre construdivcly in the physical polatnn, The polmnr $ mxr m‘wI !’
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Plotting the tight-binding eigcnvalues .M a funcuon of ~ gives a graph that looks like a band

s[ructum, altiough it describes many-body physics. The lowest band is the polaron quasiparticlc

mcrgy C(A7) for the clear-on dressed wi[h phonons. The higher bands arc either cxcitcd states of

the quasipa.rtick or unbound electron-phonon states. Onc can examine how [hc quasiparliclc

energy, wavcfuncticn. and residue Z vary with k. Figuw ( 12) shows these bands for a iurgcr

variimonal Hilbcrt space that includes 1()() variational s:atcs per ltilticc site. Other calculations

with several thousand vana[irxral stmcs, involvlng many phormns in u Iargc neighborhood 01’ the

/cctron, tuwc been performed. Calculations have also been done for bi~larons, nonlinear

phonons, and for the AC COn(hJCtlvlLy of a po]amn. 3

The same method con be zpplicd to (,,. :r many-body problems on an in!initc Iatticc. The

}Iubbard mcdcl in two dimcns]ons, with one electron per site forms a MoIt insulating state with

anli Iirromugnctic long-range order, 4 The problem of one and two holes in the Mott insulating

stiuc A the in!cractirm between the hole has been studied, 5 In this ciuse the variational space

consisLs 01 tk location of the hole(s), and a number of’ spin-flips relative to the Neel stu:e in Ihc

vlclni(y of Lbc h(; lcs, T’hc Green’s function for hole pmpagution, which contains cxcitcd st~tc

In formutlon, has tilso been ob[uincd. ti ‘Ilwsc sIudIcs have used a variational space as liirgc M 609

sldtcs pcr rcu! fpdcc l~tticc site,

I’or d small systcm, onr can w)lvc csscntlally exactly Ior Ihc Iow-lylng Clgel)vuhllw,

clgcnlunctmns, ~nd ilrwar msponsc 10 an cxtmmal pmtx., Illcsc $ystcms muy include clcctmn-

rlcctron, electron phonon, Jnd m)n]irwtir phonon ir)lcruc[ions. SlillldLIrd dl;]~rwnmalic Icc’hnlqucs,

Ilhc [hc RI]A lllil~ tw Ill;hkqudlc Ior III(’:I prohlcms, Sfmlc Inlinilc syslcms cat] In’ solved lIK;lcIIy

or 1[) ~()()d ili)lln)~llll;lll[)ll h~ [111’S:llIIC [(’C’IIIII({UC, Whl Ch (’XJL!IIY fllilp!i d l~lilll~ Ilo(lv I)n)l}l(’11) (JIII(J
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a one-body tight-bii~ding model.
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Figure 2 The modified tight-binding model for the two-site Hubbard model, using the ordering

convcn[ion in Eq. (7). The slashed I’mnds arc off-diagonal matrix clcmcnts of amplitude +/, iind

[hc unslushui bonds of mnplitudc --t,

Figure 3 A gcncrid tight-binding model may contain loops, dead ends, and sites wilh diffcnmt

coordiniuion numbcrx,

Figu7e 4 A guugc transformation of the previous tight-binding model accomplished by

~O, > -+- I @l>. The slashed bonds arc matrix clcmcnts +(.

Figure 5 A ~~lwm systcm in which electrons hop along a chain. Ewh si[c on the chtiin is

tissocihtcd with ~ hmnonic oscill~tor, [f an electron, rcprcscntcd by an arrow, is present on a silt,

an tidditiond lbrcc is applied to the oscill~tor on that site.

Figure 6 A portion of the inlinilc tight-binding model mprescming a coupled electron-phonon

systcm. The sector pictured has total momentum K = X, A stale (site) is Mclcd by ( no, nr ),

wt]crc no is Ihc nurnfxr of momcmum /,cro phonons and rrn is the number of momcn(um K

ldwrons, “1’hu electron rrmmcntum q is shown otj the right for ciwh mw. The bomk art of!’-

di~gon:d mutnx clcmcnts of itmpliludc A limes a numerical consttint,

Figure 7 A ~~iiigr:lm rvhiincd in the RPA approximiuion,

Figure H Some vcrticcs th~t tire ncglcctcd i.~ the RPA ~pprwxirnution, ‘1-, T mdtrix ctcmcnt

c(mncu IIng \[iitC (0, I ) to stotc ((),2) is shown diagrititically iIbovc, imd lhc onc connecting ((), I )

[() ( 1,1 ) l\ $tlowr’1 twlow.

l’igurw 9 I;or IhIS pmhlcrn, th~ RI)A mttilns (~nly [hc IX)IN! und IW(> ~lt~s [tttit i~r~ ~t~()~~) III

Ill,lc’lt, (ll\L’iiRllllg [k R’SI (J!” thC Inlimk l;lltlCC,

l“igur~ 10 (ii) ‘1’hc Iargc “st; w” (lt>ltilncd a.$Ihc Iirst :ipproximutlon” to the }Iubhurd !110(!(”111)11)1’

ll)t’rlllo(!~tl:ll;llc 1111111,“1’IM2olf tllil~ollill lllill?i X L’IL’IUCIIIS m illl(~W(8[l 10 op’r;ltc 0111!4OI)L’(* (1)) II

1111’ (Jll (!l,l~ollill m;ltrl~ (’1(’ lliClll S arv JIIOWC(I 10 ;It’t l~\X’;llCdl V, {’il~’1) 01 Ill{’ \llt*\ ,11 111(’(’(’,~[’

~t~tltw~I I(J m;my IU)ICI ~IIcs, ;md cal’11 ~11III(vA* ~tmfw~’[ I(J m:mv (~thcr~. rll , \olll[’llt Il(’\ 101111111}:
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loops. (Shown schematically. )

Figure 11 TIM tight-binding model for a polaron on an ;n[inite ltitticc. With Lhe small biisis set

01 Q, ( lo), the [ight-binding Ititlicc extends to inlinity and is periodic.

Figure 12 ‘lTw cigenvulucs of t.hc polarcm problcm is plot!cd as a function of wtivcvcclor k.
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